PITHA 93/41 
November 1993 



On the Canonical Structure of the De 
Donder-Weyl Covariant Hamiltonian 
Formulation of Field Theory 
I. Graded Poisson brackets and equations 

of motion 

o 

q | Igor V. Kanatchikov * 

Institut fur Theoretische Physik 
RWTH Aachen 



O 

(N 



S3 



52056 Aachen, F.R. Germany 



> 
(N 

m 

GN ■ Abstract 



As opposed to the conventional field-theoretical Hamiltonian formalism, 
which requires the space+time decomposition and leads to the picture of a 
O l' field as a mechanical system with infinitely many degrees of freedom, the De 

D . Donder-Weyl (DW) Hamiltonian canonical formulation of field theory (which 

i-^ ' is known for about 60 years) keeps the space-time symmetry explicit, works 

in the finite dimensional analogue of the phase space and leads to the Hamil- 
tonian and Hamilton-Jacobi formulations of field equations in terms of partial 
p\ ' derivative equations. No field quantization procedure based on this "finite di- 

mensional" covariant canonical formalism is known. As a first step in this di- 
rection we consider the appropriate generalization of the Poisson bracket con- 
cept to the DW Hamiltonian formalism and the expression of the DW Hamil- 
tonian form of field equations in terms of these generalized Poisson brackets. 
Starting from the Poincare-Cartan form of the multidimensional variational 
calculus we argue that the analogue of the Poisson brackets is defined on forms 
of different degrees and is related to the Schouten-Nijenhuis bracket of the cor- 
responding multivector fields. The forms generalize the dynamical variables 
(functions) of mechanics and the multivector fields generalize the Hamilto- 
nian vector fields associated with dynamical variables. The corresponding 
map between forms and multivectors is determined by the " polysymplectic" 
(n + l)-form (given by the Poincare-Cartan form) which we consider as the 
analogue of the symplectic form in the D W Hamiltonian formalism for fields. 
The space of "Hamiltonian forms" equipped with the exterior product and 
our Poisson bracket is shown to constitute the Gerstenhaber graded algebra. 
We also demonstrate that the Poisson bracket of any form with the n-form 
Hvol, where H is the DW Hamiltonian function, generates its exterior differ- 
ential and this enables us to write the DW Hamiltonian field equations in the 
bracket form. Finally, we present few simple examples illustrating how the 
formalism works in some field-theoretical models, and also briefly discuss the 
relation to the conventional Hamiltonian description of fields. 



* e-mail: igor@thphys.physik.rwth-aachcn.de 
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1 Introduction 



There are known two different approaches to the Hamiltonian formu- 
lation of field theory: the first is built on the infinite dimensional "in- 
stantaneous" phase space and implies certain space+time decomposi- 
tion while the second is formulated on the finite dimensional analogue 
of the phase space and is manifestly space-time covariant. Both are 
based on certain extensions of the structures of classical analytical me- 
chanics and one dimensional variational calculus. The first approach 
singles out the time dimension and treats a field as a mechanical system 
with continually infinite number of degrees of freedom. The generalized 
coordinates are the values of fields y a at each point of the space at a 
given instant of time ?/ a (x), and the generalized canonical momenta are 
defined from the Lagrangian density L to be p a (x) = dL/d(d t y a (x.)) 
as in mechanics. This is, of course, a well known conventional treat- 
ment used for example when canonically quantizing the fields. Recent 
discussion of the covariant version of this approach may be found for 
example in M. 

The second approach, that we are concerned with in this paper, origi- 
nates from the approaches to the multidimensional variational problems 
due to De Donder 0, Caratheodory |3J], Weyl || and some others (see 
for example ||) and || for a review). It is entirely space-time covariant 
because a field is treated as a sort of generalized Hamiltonian dynamical 
system with many "times" . This means that both space and time enter 
the formalism on an equal footing as variables over which a field "evo- 
lution" proceeds. By "evolution" one means here not merely a time 
evolution from the given Cauchy data, as usual, but any space-time 
development or variation of a field. In this approachF] the generalized 
coordinates are the field variables y a to which a set of canonically con- 
jugate momenta p l a := dL/d(diy a ) is associated. The De Donder- Weyl 
Hamiltonian function is defined as H^w := p % a diy a — L provided the 

1 In fact, we consider here only the simplest particular representative of a whole variety of finite 
dimensional canonical theories for fields which differ by an extra "Lepagean" term added to the 
canonical Hamilton-Poincare-Cartan form (see eq. (2)); an excellent survey may be found in 
see also This particular case is sometimes called the De Donder-Weyl (DW) canonical theory 
and we also will use this term. 
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corresponding generalized Legendre transform is regular. Note that 
unlike the first approach, the Hamiltonian function is scalar, but its 
direct physical interpretation, if there is any, is not evident. The gen- 
eralization of the extended phase space of mechanics in this approach 
is a finite dimensional phase space of the variables (y a ,p l a ,x l ) which 
replaces the infinite dimensional phase space of the instantaneous ap- 
proach. As a consequence, the Euler-Lagrange field equations may be 
written in the corresponding Hamiltonian form in an entirely covariant 
way (see eqs. (7) below) and in terms of partial derivative equations. 
The corresponding Hamilton- Jacobi theory (see for example [fj], 0) is 
also formulated in terms of the covariant partial differential equation 
as opposed to the first approach leading to the functional derivative 
equation. The connection between the instantaneous and the covariant 
finite dimensional formulations was studied recently in detail by Gotay 
(see also the book |TO|). 



Despite all of the attractive features of the second treatment which 
look especially relevant in the context of general relativity and string 
theory, there is surprisingly small number of its applications to rela- 
tivistic field theories Jll], [12], [0|, gauge fields |L4], fL5|j , classical bosonic 
string [H, |T|, U, H, m and general relativity ||, || in the lit- 



erature (see also [Tt|). In particular, it remains unclear till now how 
to develop a field quantization starting from this finite dimensional 
Hamiltonian treatment on the classical level and whether it is possible 
or has a sense at all. Indeed, is it really necessary to split at first the 
space-time in order to obtain the Hamiltonian formulation, and then to 
quantize a field according to standart prescriptions of quantum theory 
and to prove the procedure to be consistent with the relativistic sym- 
metries, or it is possible instead to develop a field quantization based 
on the finite dimensional covariant Hamiltonian framework and then 
obtain the space-time splitted results, as it is operationally required, 
from the manifestly covariant quantum field theory? Another related 
question is whether there exists a quasiclassical transition from some 
formulation of a quantum field theory to the Hamilton- Jacobi equa- 
tions corresponding to the finite dimensional canonical formulations of 
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classical fields. 



The problem of field quantization based on the finite dimensional 
Hamiltonian formalism, which is the main motivation of our study, 
was shortly discussed in thirties by Born [^j and Weyl [P5 |. In early 
seventies a considerable progress was made in understanding the dif- 
ferential geometric structures of the De Donder-Weyl canonical formal- 
ism |27], [II], ^TJ (see also Dedecker pg| , who studied more general 
canonical theories and the recent paper by Gotay |7J for a subsequent 
development), however the attempts p{| [26|, |3C 



HJ to approach from 
this viewpoint a quantum field theory did not lead to any new formu- 
lation but have established some links with the conventional one which 
is based on the instantaneous Hamiltonian formalism. More recently 
the attempt to construct a quantum field theoretical formalism based 
entirely on the finite dimensional DW canonical theory was reported by 
Giinther in Q who used his own |32[ geometrical version of the DW 
canonical theory, the " polysymplectic Hamiltonian formalism" . Unfor- 
tunately, the ideas of his brief report |33| were not developed to the 
extend which would allow us to compare the outcome with something 
known from the conventional quantum field theory. 



The main obstacle in the direction of a "finite dimensional field 
quantization" seems to be the lack of an appropriate generalization 
or analogue of the Poisson brackets in the classical canonical theories 
under discussion. Within the DW Hamiltonian theory, the brackets 
of the (n — l)-forms corresponding to observables in field theory were 
proposed in [^7], ^9), [30], [31], but the related construction proved to be 
too restrictive to reproduce the algebra of observables in the theories of 
sufficiently general type and were not appropriate for representing the 
canonical Hamiltonian field equations in the bracket form. Another ap- 



proaches due to Good |33], Edelen and Giinther []32| enable one to 
write the canonical equations in the bracket form, however, the group 
theoretical properties of their brackets are not evident. 



The purpose of the present study is to develop those elements of 
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the finite dimensional canonical formalism for fields which are essential 
for the canonical quantization. Some of the questions (chosen more 
or less randomly) which arise as soon as we are trying to quantize 
a field theory (let's say in the Schrodinger picture) proceeding from 
a finite dimensional canonical framework are the following: (i) which 
variables may be considered as the canonically conjugate ones and in 
which sense (notice, that the number of generalized coordinates y a and 
generalized momenta p l a is different!), (ii) what are the Poisson brack- 
ets corresponding to the finite dimensional canonical formalism, (iii) if 
these brackets exist, do they generate the equations of motion, like in 
mechanics, if one of the arguments is the DW Hamiltonian function, 
and lastly (iv) which operation replaces in the bracket representation 
of the DW canonical equations the total time derivative and describes 
"evolution" in the sense explained above? 

To approach these and other related questions, we suggest to pro- 
ceed from the most fundamental object of any canonical theory, the 
Hamilton-Poincare- Cartan (HPC) n-form (n =space-time dimension), 
and try to develop the subsequent formalism by searching for the proper 
generalizations of the corresponding elements of the canonical formal- 
ism of mechanics (see e.g. |36|, [37J) to the finite-dimensional canonical 
formulation of field theory. 

The structure of the paper is the following. At first we recall in 
Sect. 2 how the DW Hamiltonian field equations comes directly from 
the canonical HPC form. This consideration indicates that in field 
theory the suitable generalization of the notion of the canonical Hamil- 
tonian vector field is the multivector field of degree n, and also sug- 
gests the analogue of the symplectic form to be certain (n + l)-form 
(see eq. (10)), called polysymplectic, which is obtained from the HPC 
form. Then, in Sect. 3 we suggest the generalization of the principle of 
preservation of the symplectic structure, which is a cornerstone of the 
classical canonical transformation theory, to field theory. This general- 
ization involves the extension of the notion of Lie derivative giving sence 
to the Lie derivative with respect to a multivector field. The symmetry 
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postulate that the generalized Lie derivative of the polysymplectic form 
with respect to the Hamiltonian multivector field vanishes, turns out 
to be consistent with the canonical DW equations. Moreover, using the 
generalized Lie derivative allows us to define the bracket operation of 
both the generalized Hamiltonian fields which are vertical (in the sense 
defined in Sect. 3) multivectors of various degrees p = l,...,n and 
the generalised Hamiltonian functions which are (horizontal) forms of 
degrees q = 0, n — 1. The first bracket turns out to be the Schouten- 
Nijenhuis (SN) bracket of multivectors and the second one, which is 
the analogue of the Poisson bracket acting on Hamiltonian forms, is 
related to the SN bracket and to the polysymplectic form in just the 
same way as the Lie bracket of Hamiltonian vector fields is related to 
the Poisson bracket of Hamiltonian functions in mechanics. We also 
show that the space of Hamiltonian forms equipped with the exterior 
product and the Poisson bracket of forms becomes essentially the Ger- 



stenhaber algebra ||39|| . The generalized Poisson bracket of Hamiltonian 
forms (see Sect. 3 for an explanation of this term) is used in Sect. 4 
for representing the DW Hamiltonian field equations of (n — l)-forms 
in the bracket form. As a by-product we also discuss the proper gener- 
alization of the notions of integral of motion and canonically conjugate 
variables to the DW canonical formalism. Then, in Sect. 5 we enlarge 
the set of Hamiltonian forms by adding the n-forms. It enables us to ex- 
press the equations of motion of Hamiltonian forms of any degree in the 
bracket form. However, this enlargement implies also an extension of 
the space of Hamiltonian multivector fields and the algebraic closure of 
this enlarged space is argued to involve both the (vertical) vector- valued 
one-forms corresponding to n-forms and the multivector-valued forms 
of higher degrees. Thus the algebraic closure of the space of generalized 
Hamiltonian "vector" fields leads to the problem of embedding of both 
the Schouten-Nijenhuis and the Frolicher-Nijenhuis graded Lie algebras 
in some larger algebraic structure which includes the multivector-valued 
forms of all possible degrees. Solving this problem remains beyond the 
scope of our paper. Finally, some simple applications of our Poisson 
brackets to interacting scalar fields, electrodynamics and the Nambu- 
Goto string are presented in Sect. 6, and a general discussion including 
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some remarks on the connections with the conventional Hamiltonian 
formulation may be found in the concluding Sect. 7. 

2 Poincare-Cartan form and the De Donder-Weyl 
Hamiltonian field equations 

Given a first order multidimentional variational problem 

5 J L(y a ,d t y a ,x*)ml = 0, (1) 

where (y a ), 1 < a < m are field variables, (af), 1 < i < n are space-time 
variables, and vol := dx % A ... A dx n 0, it is known that the Hamilton- 
Poincare-Cartan (HPC) fundamental n-form is defined within the De- 
Donder-Weyl (DW) approach to multidimensional variational problems 
as (see for example || [TIJ and |27j ) 

6 W = p l a A dy a A diJvol — H DW vol 

so that its exterior differential is given by 

O w = dp l a A dy a A diJvol - dH DW A vol. (2) 

Here p l a := dL/d(diy a ) are the DW canonical momenta and 

H DW (y a ^x l ):= V \d iy a -L (3) 

is the DW Hamiltonian function. The symbol J denotes the interior 
product of a (multi)vector on the left and a form on the right. In the 
following we will omit the subscript DW, but the quantity H which we 
call the (DW) Hamiltonian function should not be confused with usual 
Hamiltonian which is related to energy. 

The form Qdw contains in a sense all the information about field dy- 
namics. In particular, one can derive the appropriate Hamiltonian form 
of field equations directly from Vt DW . Indeed, the solutions of the vari- 
ational problem (1) may be considered as n-dimensional distributions 

2 In order to simplify formulae we imply in the following that the coordinates on the x-spacc 
are choosen such that the metric determinant |g| = 1. 
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in the extended DW phase space with the coordinates 



Z M :={y\plx*). 
These distributions one can describe by the n-multivector (or n-vector, 

n 

in short) field X: 

X-=X Ml "' Mn (Z) 8m 1 A ... A <9a/„ (4) 

n 

representing their tangent n-planes. Then the condition on X to give 

n 

the classical extremals is that the form Qdw should vanish on X (cf. 
e.g. |§ @, 0,0, 0,^1 ),i.e. 

n 

xjn DW = o. (5) 

n 

The n-vector field X naturally generalizes the velocity field of the 
canonical Hamiltonian flow in classical mechanics corresponding to 
n = 1 to field theory, which corresponds to n > 1. Eq. (5) gives 
the components of the n-vector annihilating the (n+ l)-form Qdw and 
together with the following natural parametrization of the components 

n 

of X: 

A d(x\...,x") ' [) 

leads to the set of equations^ 



9iPl =~d a H :=- w , (7) 
a tt 

d lV a =d?H :=— , (8) 

which we will refer to as the (DW) Hamiltonian field equations. They 
are equivalent to the Euler-Lagrange equations one gets from the vari- 
ational problem (1) and are the simplest field theoretic generalization 
of the canonical Hamilton's equations of motion. 

3 In fact, the components X. a " 71-2 of the n-vector X yield also the third equation which may 
be shown to be a consequence of eqs. (7,8). Thus the information about the classical dynamics of 
field is essentially encoded in the "vertical", as we call them below, components Jf ' 1,1 ™- 1 and 
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3 Polysymplectic form, Hamiltonian multivector 
fields and forms and the generalization of the 
Poisson bracket. 

Our task in this section is to find the appropriate generalization of the 
basic structures of classical Hamiltonian mechanics, such as the Hamil- 
tonian vector fields and functions, the symplectic structure, Poisson 
brackets etc., to the DW Hamiltonian formulation of field theory. 

Notice first that, as it follows from (5), the Hamiltonian field equa- 
tions (7), (8) can be derived also from the condition 

X V J fl v = d v H, (9) 

where the superscript v shows that we take a vertical' part of the quan- 
tity. We call vertical the variables z v = (y a , p l a ) and the corresponding 
subspace of the extended DW phase space and horizontal the space-time 
variables (x l )\ the index V corresponds to vertical variables. Further, 
the p-multivector is called vertical if it has one vertical and (p — 1) 
horizontal indices, i.e. 

h := X Vi ^- i ^(Z)d v A d h A ... A d ip _,, 
and the vertical exterior differential d v of any form oj is defined as 

d v uj := dz v A dyoo, 

so that, in particular, 

d°H = d a Hdy a + d a t Hdp\. 

In the following we will also use the notion of horizontal p-forms which 
are defined to have a form 

F := Fi 1 ^ ip (Z)dx il A ... A dx ip . 

Finally, the form Q v in eq.(9) is defined as 

tt v := dpi A dy a AdiJvol. (10) 

so that it is given by the vertical exterior differential of the vertical part 
of the HPC form: 

Q v := d v Q v , 
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Q v ■=pidy a AdiJvol. 

In the following, the closed (n + l)-form Q v will be denoted as Q, and 
we shall call it the polysymplectic form adopting the term introduced 
in a similar context earlier ||32|| . We will also omit all the superscripts 
" of the multivectors, since all of them appearing in the following will 
be taken to be vertical, unless the opposite will explicitly be stated. 
Note also that the polysymplectic form is related to the HPC form in 
exactly the same way as the symplectic form in mechanics is related to 
the HPC form of the 1-dimensional variational problem. 



Let us recall now (see for details |36|, |37|) that the structures of 
classical Hamiltonian mechanics are contained essentially in a single 
statement that Lie derivative of a symplectic form uj with respect to 
the vertical vector fields X generating the infinitesimal canonical trans- 
formations vanishes: £jw = 0. Since uj is closed, it implies locally that 
XjJ uj = df for some function / of the phase space variables. If 
this equality holds globally, the vector field Xf is said to be (globally) 
Hamiltonian vector field associated with the Hamiltonian function /. 
When / is taken to be the canonical Hamilton's function H, the equa- 
tions of the integral curves of Xh (the canonical Hamiltonian vector 
field) reproduce Hamilton's canonical equations of motion. 



From the previous considerations one could already notice that in 

n 

field theory the n-vector field X associated with the DW Hamilton's 
function as in eq.(9) is similar to the canonical Hamiltonian vector 
field in mechanics and the (n + l)-form Q is similar to the symplectic 
2-form. To pursue this parallel further, let us introduce the generalized 
Lie derivative - Cp - with respect to a multivector field of degree p 
and postulate, as a fundamental symmetry principle, that 

£n n = 0. (11) 

We define the generalized Lie derivative of any form uj with respect 

v 

to the multivector field X of degree p (not necessarily vertical) by the 
formula 
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Cv u := Xj duo- (-l) p d(Xj u) (12) 

which is the simplest generalization of the Cartan formula relating the 
Lie derivative of a form along the vector field to the exterior derivative 
and the inner product with the vector; this relation is recovered when 
p = 1. Note however that, unlike the p — 1 case, the operation £ P 

X 

does not preserve the degree of a form it acts on: it maps q-forms to 

p 

(q+1 — p) -forms. If X is vertical, then the definition of Lv is modified 

X 

by replacing the exterior differentials in eq.(12) by the vertical (cT) ones. 

Since Vl is closed with respect to the vertical exterior differential, 
from the symmetry postulate, eq.(ll), and the definition of the gener- 
alized Lie derivative, eq.(12), it follows 

d v (X J n) = 0, (13) 

so that locally one can write 

IJ n = d v F (14) 

o 

for some 0-form F depending on the phase space variables Z . By 

n 

analogy with mechanics, if such a form exists globally, we call X the 
(globally) Hamiltonian n-vector field (associated with the Hamiltonian 

n 

0-form F) while the X satisfying eq. (13) is called locally Hamiltonian. 

We see from eqs. (9) and (13) that our postulate, eq. (11), together 

with the definition of the generalized Lie derivative in eq. (12) leads to 

o 

the correct DW Hamiltonian field equations if the the 0-form F at the 
r.h.s. of eq. (13) is taken to be the DW Hamiltonian H . 

Given two locally Hamiltonian n-vector fields it is natural to define 
their bracket as 

n n n 

[Xi , x 2 ] j n := Cn (X 2 J Q) , (15) 

Xi 

which is obviously in accordance with the invariance property we have 
postulated in eq. (11). From the definition in eq. (15) it follows 

n n 

d v ([Xi , x 2 ] j n) = o, (16) 
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n n 

so that [Xi , X2] is also locally Hamiltonian. However, this bracket 
does not map n- vector fields to n-vector ones; instead it mixes the mul- 
tivectors of different degrees. Moreover, as the counting of degrees in 

n n 

eq. (15) gives deg([Xi , X2]) — 2n — 1, the bracket vanishes identically 
if 2n — 1 > n, i.e. for n > 1. These observations indicate that the 
multivectors and, therefore, the forms of various degrees should come 
into play. 

Thus, given the polysymplectic (n + l)-form Q, we shall define the 

set of locally Hamiltonian (LH) multivector fields as the set of vertical 
v 

p- vector fields X, 1 < p < n, for which 

C P Q = 0. (17) 

Then the p-vector fields are defined to be Hamiltonian if there exist 
q 

horizontal q-forms F:—F il _,_ iq (Z)dx n A ... A dx iq , < q < (n — 1), such 
that 

If J n = d v F, (18) 

1 

where p = n — q. In the following we call the forms F the Hamiltonian 

v 

forms and the multivector fields Xp the Hamiltonian multivector fields 

q 

generated by (or associated with) the forms F. The set of Hamilto- 
nian forms extends to field theory the notion of Hamiltonian functions 
or dynamical variables in mechanics. The inclusion of forms of various 
degrees is motivated by the fact that the dynamical variables of interest 
in field theory in n dimensions can be the forms of any degree p < n 
(the n-forms are incorporated in Sect. 5). It should be noted that, in 
contrast with mechanics, eq. (18) imposes rather strong restriction on 
the functional dependence of the components of Hamiltonian forms on 
the DW momenta (see eq. (29) below for the case of (n — l)-forms). 

The bracket of two locally Hamiltonian fields may be defined now 
similarly to eq. (15): 

[Xi , 1 2 ] j n -.= c P (l 2 j n), (19) 

and it is easy to show that it maps the LH fields to LH ones. This 
bracket (i) generalizes the Lie bracket of vector fields, (ii) its degree is 
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easily found to be 

deg([Xi,X2))=p + q-l, (20) 
(iii) it can be both odd and even 

[Xi , X 2 ] = _(-l)(p-i)(9-i) [1 2 , Xi] 
and, finally, (iv) it fulfils the graded Jacobi identities 
{-1)""[X , [X , X]] + 

[x ,1]] + (-1)^ [x , [I , i]] = o, 

where gi = p — 1, gi = q — 1 and #3 = r — 1. Therefore, the bracket 
defined in eq.(19) may be identified with the Schouten-Nijenhuis (SN) 
bracket of multivector fields |38| and the set of LH multivector fields 
equipped with the SN bracket constitutes a Z-graded Lie algebra. 

p q 

Now, taking Xi and X2 to be Hamiltonian fields, one gets from eqs. 
(18) and (19): 

[Xi , ! 2 ]J n = Cv d v F 2 

L 1 Xi 

= (-l) p+1 d v (Xi J d v F 2 ) (21) 
=: -d°{ F x , F 2 }, 

where r = n — p and s = n — q. The last equality in eq.(21) defines 
the analogue of the Poisson bracket acting on Hamiltonian forms of 
various degrees. As it is seen from the definition, it is related to the 
Schouten-Nijenhuis bracket of multivector Hamiltonian fields and the 
polysymplectic (n + l)-form Q in just the same way as the usual Pois- 
son bracket is related to the Lie bracket of Hamiltonian vector fields 
and the symplectic form. In eq.(21) we have actually shown that the 
S-N bracket of two Hamiltonian multivector fields is Hamiltonian (see 
the second equality) , and then postulated in the third equality that the 
Hamiltonian form corresponding to the S-N bracket of two Hamilto- 
nian fields defines the Poisson bracket of the Hamitonian forms they 
are associated with according to the map given by eq.(18). 
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The degree counting in eq. (21) gives 

deg{ F 1 ,F 2 }=r + s-n + l (22) 
and with the help of eq.(20) one also finds 

{ h , h } = -(-l)- { h , f x }, (23) 

where a = {n — r — l)(n — s — 1). From the definition in eq. (21) the 
following useful formulae for the Poisson bracket can also be obtained: 

{ F x , F 2 } = (-lY n - r ^X 1 J tf F 2 = (-l)^)^ J X 2 J a (24) 



These equations resemble familiar definitions of the Poisson bracket in 
mechanics, but they are merely a consequences, as in mechanics, of the 
fundamental definition, eq. (21), which is directly related to the basic 
symmetry principle, eq. (11). Note, that in spite of the fact that the 
definition in eq. (21) determines only a vertical exterior derivative of 
the Poisson bracket there is no arbitrariness "modulo exact form" in 
the definition of the Poisson bracket itself (cf. [27, EU1 BOI) since the 



latter is required to map the horizontal forms to horizontal ones while 
the cT-exact addition would necessarily be vertical. 



It should be noted that, unlike mechanics, in field theory we have a 

p 

nontrivial set of primitive Hamiltonian multivector fields Xo satisfying 

loj n = o, 

p = l,...,n. Evidently they constitute the subalgebra X of the alge- 
bra X of Hamiltonian multivector fields w.r.t. SN brackets and the 

g 

map in eq.(18) actually maps the Hamiltonian forms F to the equiva- 

p 

lence classes of Hamiltonian multivector fields [X] with respect to the 

p V P 

addition of the primitive Hamiltonian p- vector fields: [X] = [X+X ]. 
Therefore, the quotient algebra X/X is more adequate field theoreti- 
cal analogue of the Lie algebra of Hamiltonian vector fields in mechanics 
than the original algebra X (cf. also the related discussion in [pOj ). 



14 



By a straighforward calculation one can obtain the following prop- 
erties of the Poisson brackets: (i) the graded analogue of the Leibniz 
rule 

P<lr PI r , q p r 

{F,FAF} = {F,F}AF F A { F , F } (25) 

which means that the Poisson bracket with a p-form acts as a graded 
derivation of degree (n — p — 1) (see also eq. (22)), and also (ii) the 
graded Jacobi identities: 

(-1) 9193 {F ,{F ,F}} + 

(-l) 9l92 { F ,{F ,F}} + F , { F ,F } }= 0, 

where g\ = n—p — 1, g<i = n — q — 1 and g 3 = n — r — 1. Thus, the space 
of Hamiltonian forms equipped with the Poisson bracket operation as 
defined above constitutes a Z-graded Lie algebra. Moreover, since the 
exterior algebra of forms (i.e. the algebra w.r.t. the A-product) is 
itself a Z-graded supercommutative associative algebra, one can con- 
clude that the Hamiltonian forms constitute the so-called Gerstenhaber 



algebra |39| (see also J45|) with respect to our Poisson brackets and the 



exterior product of forms. 

4 Equations of motion of Hamiltonian (n — l)-forms 
and the DW canonical equations in the bracket 
form. 

In this section we consider the operation on the Hamiltonian forms 
which is generated by the Poisson bracket with the DW Hamiltonian 
function and show how the equations of motion of (n — l)-forms can 
be written with the help of this bracket. Then we shall shortly discuss 
the field theoretic analogues of the integrals of motion and the suitable 
choise of the canonically conjugate variables. 

From the degree counting in eq. (22) we see that only the (n — In- 
forms have nonvanishing brackets with H and these are the 0-forms. 
Let us calculate the bracket of the general Hamiltonian (n-l)-form 

F := F*diJ vol 
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with the DW Hamiltonian function H: 

{ F , H } = — X F J d v H. (26) 
1 

The components of the vector field Xf: = X a d a + X^d? associated with 
F are to be calculated from the equation 

Xf J n = d v F (27) 

which reads in components 

(-X a dpi + X l a dy a ) A diJvol = (9 a F^y a + 6^F*dpj) A di_\vol (28) 
and yields 

X a 5) = -d]F\ (29) 

XI = 8 a F\ (30) 

Hence, in contrast with mechanics, no arbitrary (n — l)-forms can 
be Hamiltonian (i.e. to ensure the consistency of both sides of eq. 
(27) and to give rise to some Hamiltonian vector field), but only those 
which satisfy the condition (29) which restricts the dependence of the 
components of F on the DW canonical momenta p l a . For such (n — In- 
forms one has: 

{H, F} = d a F*d%H + X a d a H. (31) 
Now, the total (i.e. taken on extremals) exterior differential d of F 

dF := (d a F j d iy a + d%F j d iP k a + d i F j )dx i A djjvol 

on account of the condition (29) takes the form 

dF = (d a F%y a - X a d lP l a + d i F i )vol. 

Thus, with the help of the DW Hamiltonian field equations, eqs. (7,8), 
for an arbitrary Hamiltonian (n — l)-form F one obtains: 

dF = { H , F } vol + d hor F. (32) 

The last term d hor F= (diF % )vol in eq.(32) appears for forms having 
explicit dependence on the space-time variables. The inverse Hodge 
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dual of eq.(32)0 

*~ x dF = {H ,F} + d i F i (33) 

shows that the Poisson bracket with the DW Hamiltonian function is 
related to the Hodge dual of the exterior differental in essentially the 
same way as the time derivative is related to the Poisson bracket with 
Hamilton's canonical function in mechanics. 

Equation (33) contains, as a special case, the entire set of the DW 
Hamiltonian field equations, eqs.(7,8). For, on account of d hor y a = 
and d hor p l a = 0, by substituting p a := p l a diJvol and then yf : = 
y a diJvol for the (n — l)-form F, from eqs. (30) and (32) we obtain 

* -1 dp a = {H,p a } = -d a H 

and 

*-idy? = {H,y?} = d?H. 

Note that the dual of the total exterior derivative *~ l d in eq. (33) 
is in fact nothing else than the generalized Lie derivative with respect 

n n n 

to the total n- vector field X tot = X v + X hor annihilating Qdw (see 
eqs.(4)-(6) above). The term including the Poisson bracket is due to 

n 

the Lie derivative w.r.t. the vertical part X v of this n-vector field while 
the last term in eq. (28) is due to the Lie derivative w.r.t. its horizontal 

n 

part X hor ; thus, * x d = (— l) n £«. iot when acting on the Hamiltonian 
(n-l)-forms. In the subsequent section we will discuss how this bracket 
representation of the equations of motion may be generalized to the 
Hamiltonian forms of degrees p < (n — 1). 

Equations of motion in the bracket form suggest a natural general- 
ization of the classical notion of an integral of motion to field theory. 
Let J be the Hamiltonian (n — l)-form which does not depend explic- 
itly on space-time coordinates and has vanishing Poisson bracket with 
the DW Hamiltonian function. Then from eq. (32) the conservation 
law follows: 

d J=0. 

4 Recall that *vol = a, where a = +1 for Euclidean and a = —1 for Minkowski signature of the 
metric; * -1 * := 1, therefore on n-forms * -1 = a* or, in general, * -1 = er(— l)P( n- P)* on p-forms. 



17 



Thus, the field theoretical analogues of integrals of motion in the present 
formulation are the (n — l)-forms corresponding to conserved currents. 
Like the conserved quantities in mechanics they are characterized by 
the condition 

{ J , H } = 0. (34) 

Taking J x and J 2 to be the (n — l)-forms satisfying eq.(34) and using 
the Jacobi identities, eq.(27), one gets 

{H ,{J 1 ,J 2 }}=0. 

Therefore, the Poisson bracket of two consereved currents fulfilling 
eq.(34) is again a conserved current of the same kind. Latter state- 



ment extends to field theory the Poisson theorem [37] that the Poisson 
bracket of two integrals of motion of a Hamiltonian flow is again an 
integral of motion. One can also conclude that the set of conserved 
(n — l)-form currents having vanishing Poisson bracket with the DW 
Hamiltonian function is closed with respect to the Poisson bracket and 
thus forms a Lie algebra being a subalgebra of the graded algebra of all 
Hamiltonian forms. 

Furthermore, eq.(34) means that the Lie derivative of H w.r.t. a 
vertical vector field X associated with J vanishes, i.e. H is invariant 
w.r.t. a symmetry generated by X and J is a conserved current corre- 
sponding to this symmetry of the DW Hamiltonian. We arrive thus at a 
sort of a field theoretical extension of the Hamiltonian Noether theorem 
(cf. for example a] §40 or |37], b] §15.1). Note that this extension 
concerns only the symmetries generated by the vertical vector fields. 



The way in which the canonical Hamiltonian field equations are rep- 
resented in terms of the Poisson brackets sheds light on the question as 
to which variables may be considered in the present formalism as the 
canonically conjugate ones. As we know from mechanics, canonically 
conjugate variables (i) have "simple" mutual Poisson brackets (leading 
to the Heisenberg algebra structure) and (ii) their products have the 
dimension of action. It is easy to see that in our approach the pair of 
variables 

(y a ,p a :=P&Jv~oi), (35) 
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one of which is 0-form and another is (n — l)-form, may be considered 
as a pair of canonically conjugate variables. The Poisson brackets of 
these variables 

{y a , Pb } = -5 a b , {y a , y b } = 0, {p a , p b } = (36) 

turn out to be the same as those of coordinates and canonically conju- 
gate momenta in mechanics. Indeed, from eqs. (23), (24) one obtains 

{y a ,p b } = -{p b ,y a } = X (pb) Jdy a = f- 51 

1 

where one has used in the last equality that the vector field X^ asso- 
ciated with the (n — l)-form p b is given by 

l 

X( Pb) J Q = dp b , 

so that 

i 

x (p b ) = ~d b 

(cf. also eqs. (29), (30)). 

It should be noted, however, that in principle this choice is not 
unique. For example, we could also choose the pair {y a d i Jvol ) p{): the 
(nonvanishing) Poisson bracket in this case is also remarcably simple, 
namely 

{y a d t J^l,pl} = -5i5 a b . (37) 

Such a freedom is due to the "canonical supersymmetry" , eq.(17), mix- 
ing the forms of different degrees. It might be especially useful in field 
theories in which the field variables themselves are forms, like a 1-form 
potential A v dx v in electrodynamics or a 2-form potential in the Kalb- 
Ramond field theory: to the p-form field variable the [n — p — l)-form 
conjugated momentum may be associated, and their mutual Poisson 
bracket may be shown (cf. Sect. 6.2) to be equal to one (up to a sign). 
Note that the extension of our construction in the following section, 
which involves the n-forms as Hamiltonian forms, provides in principle 
still more freedom in specifying the canonically conjugate variables. 
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5 Equations of motion of Hamiltonian forms of an 
arbitrary degree 

In Sect. 3 we have found that the proper field theoretical generalization 
of the Hamiltonian functions of mechanics are the horizontal forms of 
various degrees from to (n — 1), on which the analogue of the Poisson 
bracket operation involving the forms of various degrees was defined. 
However, in Sect. 4 only the equations of motion of (n — l)-forms were 
formulated in terms of these generalised Poisson brackets. It seems 
natural to ask whether this circumstance is due to some priveleged po- 
sition of (n — l)-forms in the formalism (which might indeed be the case 
since some of them yield classical observables after integrating over the 
spacelike surface orthogonal to the time-direction of an observer) or 
there exists a possibility to write in bracket form the equations of mo- 
tion of Hamiltonian forms of any degree. In this Section we argue that 
the second alternative may be realized indeed by means of a slight gen- 
eralization of the construction of Sect. 3 leading to further extension of 
the notion of Hamiltonian forms and the associated Hamiltonian fields. 

The problem we meet trying to extend the equation of motion of 

(n — l)-forms to Hamiltonian forms of arbitrary degree p < (n — 1) 
v 

is essentially that {F, H} vanishes identically when p < (n — 1). The 

possible way out of that is suggested by the observation that for all p 

v - — 

the bracket {F, Hvol} would not vanish, as the formal degree counting 
based on eq. (20) indicates, if one could extend our hierarchy of equa- 
tions relating the Hamiltonian forms and the Hamiltonian multivector 
fields, eq. (18), so as to supplement the set of Hamiltonian forms with 
the horizontal forms of degree n, as the form Hvol is. This is possi- 
ble indeed, if the object X v which one associates with the horizontal 

n 

n-form F by means of the map 

X'" F J Q v = d v F (38) 
is thought to be the vertical-vector-valued horizontal one-form 

X v :=X v k dx k ®d v , (39) 
and the inner product J to be the Frolicher-Nijenhuis (FN) inner prod- 
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uct of a vector- valued form and a form pj| . [41[| : 

XjO:= X v k dx k A (dy J ft). (40) 

Here we use the usual symbol of the inner product of vectors and forms 
and imply that the tilde over the argument at the l.h.s. indicates that 
it is a vector-valued form so that J in this case denotes the FN inner 
product of a vector-valued form and a form. 

By extending formulae (24) one can define now the left Poisson 

p n 

bracket of the p-form F with the n-form F as follows: 

n p p 

{ F 1 , F 2 } = X v Fi J d v F 2 . (41) 

This expression may be substantiated by the considerations similar to 
those which led from eq. (17) to eq. (24), provided one supplements 
the hierarchy of symmetries in eq. (17) with the additional assumption 

C^M = (42) 

formally corresponding to p = and defines the generalized Lie deriva- 
tive of an arbitrary form uj with respect to the vertical-vector-valued 
form X v as 

■= X V J d v uj - d v (X v J to). (43) 
Note that L^v maps p-forms to (p+l)-forms. 

n 

Taking F = Hvol, the components of the associated vector- valued 
form Xh may be found from eq. (38) to be 

X%= d%H, Xi k 6f = -d a H. (44) 

_, n 

We see from eq.(44) that Xh is also suitable generalization, as X is, of 
the canonical Hamiltonian vector field in mechanics because using the 
natural parametrization of Xh 

- % < 45 > 

leads to the DW Hamiltonian field equations again. It is obvious that 
the horizontal counterpart of the vertical-vector-valued form X v h as- 
sociated with Hvol is 

X hor = Si dx k ® di . 
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Now, the total exterior differential of the p-form has the form 
d F= dx k A d k z v d v F+d hor F , 
and from eq. (41) it follows 

{ Hvol , F }= X v k dx k A d v F . (46) 

Thus the DW canonical equations encoded in eqs. (44), (45) imply the 
following equation of motion of an arbitrary p-form 

dF={ HZol , F }+d hor F . (47) 

The l.h.s. of eq. (47) generalizes the total time derivative in the equa- 
tions of motion of a dynamical variable in mechanics, whereas its last 
term generalizes the partial time derivative. It is clear from the defini- 
tion, eq. (43), that d=C^ tot , where X tot = X V H + X hor . 

It should be noted that enlargening the set of the Hamiltonian multi- 
vector fields of Sect. 3 by the vector- valued one-forms associated with 
the Hamiltonian n-forms implies certain extension of the algebra of 
Hamiltonian (and LH) fields w.r.t. the SN bracket. Let us closer look 
at this extension. First, one defines the bracket of the vector- valued- 
one-forms and multivectors: 

[X , 1] J Q :=Cx (1 J n) . (48) 

Therefore, 

[X , X] € A?, (49) 

where denotes the space of vertical-p-vector-valued horizontal q- 
forms. Second, the bracket of the vector- valued forms would be natural 
to define by the equality 

[X 1 ,X 2 ] J Q:=C^{X 2 J Q), (50) 

however, its r.h.s. is identically zero, as it follows from the formal 
degree counting. Hence, it does not actually define the bracket, but 
only indicates that 

[X, , x 2 ] e k\. (51) 
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This is exactly the property which the Frolicher-Nijenhuis bracket of 
two vector- valued forms has j|0], 51]. Thus, it is natural to identify the 



bracket of two vector- valued forms with the FN bracket. As a result, 
the closure of the algebra will involve the vector-valued p-forms of all 
degrees p < n because 

[X 1 , X 2 ] FN G A l p+q (52) 

if Xi G Ap and X 2 G A*. Notice, that an appearance the of vector- 
valued forms of higher degrees does not lead to any extension of the 
algebra of Hamiltonian forms: for X G A^ >1 

X J tt = 0, (53) 

where J denotes the FN inner product of a vector-valued q-form X 
and a form u>, defined as follows: 

X J oj := X v ki kq dx kl A ... A dx k " A (d v J u). (54) 

It follows from eq. (53) that the vector-valued forms of the degree 
higher than one extend only the subalgebra of primitive Hamiltonian 
fields (see Sect. 3). 



Let us return now to the bracket in eq.(49): the bracket of a vector- 
valued form and a p-vector gives a p-vector-valued form. According 
to our scheme one should associate these objects with the "Hamilto- 
nian" (here in vague sense) forms via the polysymplectic form, and 
then to define somehow the corresponding brackets. However, the first 
task meets the problem of unique definition of the inner product of 
IgAJ with forms while the second one leads to the related problem 
of an appopriate definition of the "Lie derivative" w.r.t. these X-s. 
Moreover, since "most probably" the mutual brackets (yet to be prop- 
erly defined) of those X-s will yield the elements from all the spaces 
AP q , we actually have to solve the same problems for arbitrary vertical- 
multivector- valued forms. Thus, the problem is essentially to construct 
a graded algebra of multivector-valued forms equipped with some ap- 
propriate bracket operation generalizing both the Schouten-Nijenhuis 
and the Frolicher-Nijenhuis bracket. This is in fact the "well-known" 
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mathematical problem. However, recently A.M. Vinogradov has pub- 
lished his "unification theorem" ||2|| which states that SN and FN al- 



gebras may be imbedded in certain Z-graded quotient algebra of the 
algebra of super-differential operators on the exterior algebra of forms. 
Although this result sounds highly relevant, the solution of the problem 
outlined above, which would be satisfactory for our purpose, as yet is 
not obtained by the author. 

6 Several simple applications 

6.1 Interacting scalar fields 

As a simplest example of how the formalism we have constructed works, 
let us consider the system of interacting real scalar fields {<f> a } described 
by the Lagrangian density 

L = ^d l <p a d l <f )a -V(<p a ). (55) 

The DW canonical momenta are 

A ^mr) = ^ (56) 

and for the DW Hamiltonian function we easily obtain 

R=\?jfi+V{<i>)- (57) 

In terms of the canonically conjugate (in the sense of Sect. 4) variables 
<p a and it a := p l a diJvol which have the following nonvanishing mutual 
Poisson bracket 

{ r , n } = -s a b , (58) 

we can also write 

E^ol = ^(x(*7r a ) A 7T a + V(<f>)vol. (59) 

Finally, the canonical DW equations may be written in the bracket 
form 



dn a = {Hvol, n a } = —d a Hvol, 

(60) 

d(j) a ={Hwl,y a } =a*7i a , 
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which is equivalent to the field equations following from the Lagrangian 
(55): 

□0a = -d a V. (61) 



6.2 The electromagnetic field 

Let us start from the conventional Lagrangian density 



L = --F % ^- 3l A\ (62) 



where Fij := diAj — djAi. For the canonical DW momenta we get 

dL 
d{d~Ai 

whence the primary constraints 



n ij + n ji = (64) 

follow. Despite the DW Legendre transformation is singular, we can 
define the canonical DW Hamiltonian function as usual: 

H = ~n j ^ ii -jiA i . (65) 

However, due to the constraints using this Hamiltonian in the DW 
Hamiltonian field equations leads to the incorrect equation diA* = 
dH/dir l j = it'/: only its antisymmetric part is right. Usually the prob- 
lems of this sort are handled by substituting the constraints with some 
Lagrange multiplies to the canonical Hamiltonian function and then ap- 
plying the well known Dirac's procedure. Our formalism offers another 
possibility based on a freedom in choosing the canonically conjugate 
variables which we have already mentioned in Sect. 4. 

Namely, let us try to use as a canonical field variable the one- form a— 
Aidx 1 instead of the set of its components {Ai}. Then the canonically 
conjugate momentum may be found to be the (n — 2)-form 

7r := -F ij di Jdjjvol — Tr ij di J dj Jvol. 

To see this let us calculate the Poisson bracket of the 1-form a and the 
(n — 2)-form ir. Remark first, that the form 7r is Hamiltonian form as 
opposite to its dual 2-form F^dx 1 A dx^ which we might naively try to 
associate with a as its conjugate momentum; moreover, the bracket of 
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the latter two forms would vanish for n > 4, as a simple degree counting 
shows (see eq. (22)). Further, the components of the (n — 1)- vector 
field X a associated with a are defined by 

I a Jfi = da = dAi A dx\ 

where 

il = -dA i Adnf A (djjvol). 
For the only nonvanishing component of X a we get 

XP 1 '" in ~' 2 Ei l ...i n _ 2 jk = 9ik, (66) 

where the first column of indices is a single index corresponding to the 
direction <9j := -~- in the tangent space of the DW phase space. The 

•i 

Poisson bracket of a and ir is easily obtained from its definition 

{ a , 7T } = (-l) n ~ 1 X a Jdn = -1. (67) 

This property justifies our choice of the canonically conjugate momen- 
tum of the one-form potential a. 



In terms of new canonical variables a and ir the DW Hamiltonian 
n-form is expressed as 

Hvol = -^o"tt A (*7r) - a A j, (68) 

where j := fdiJvol is the current density (n — l)-form. Now, the 
Maxwell equations acquire the following Hamiltonian form in terms of 
new variables and the Poisson brackets: 

da = { Hvol , a } = * _1 7r, 

(69) 

dn = { Hvol , 7r } = j. 

Thus we have obtained a covariant Hamiltonian formulation of Maxwell's 
electrodynamics without recourse to the formalism of the fields with 
constraints. The constraints, both gauge and initial data, which, of 
course, did not disappear nowhere can be taken into account after the 
covariant Hamiltonian formulation was constructed. 



2G 



6.3 The Nambu-Goto string 

The classical dynamics of a string sweeping in space-time the world- 
sheet x a = x a (<j,r) is determined by the Nambu-Goto Lagrangian 

L = -T^J(x ■x') 2 - x' 2 x 2 = -TyJ-detWdi^djXaW, (70) 

where x a = d T x a , x' a = d a x a , T is a string rest tension and we have also 
used the following notation for the world-sheet parameters (a, t) = 
(tV 1 ) •= (r*); i = 0,l. 

Define the canonical DW momenta: 



o dL_ 2 (xj x)x' a - x 12 x a 
Pa ' dx a L 

i 9L _ 2 (x'- x) x a —x 2 x' a 

Pa — Q x ,a ~ L 

From eqs.(71) the following identities follow 



(71) 



p° a x' a = 0, (p°) 2 + T 2 x' 2 =0, 



V \x a = 0, ( P y + T 2 x 2 =0, 



(72) 



however, they do not have a meaning of the Hamiltonian constraints 
within the DW canonical formalism since they do not imply any rela- 
tions between the generalized coordinates x a and the generalized mo- 
menta p a . In fact, with the help of these identities the eqs. (71) may 
be easily solved (if L ^ 0) yielding the expression of the generalized 
velocities (x, x') in terms of the D W momenta; it proves de facto that 
the DW Legendre transform for the Nambu-Goto Lagrangian is regu- 
lar! In terms of the DW momenta the DW Hamiltonian function takes 
the form 

H = --y/-det\\pi3fi\\ (73) 
and can also be expressed in terms of the 1-form momentum variables 

canonically conjugate (in the sense of Sect. 4) to x a . It is easily checked 
that 
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and 

£ ijPaPb = *( n a A 7T 6 ). 

The string equations of motion in terms of the Poisson brackets can be 
written now as 

dx a = { Hvol ,x a } = — — -cIt\ 

dpi 

(74) 

dn a = { Hvol , 7i a } =0. 

As yet another application we show how the Poincare algebra is re- 
produced with the help of our brackets. In the x a -space the translations 
are generated by the vector fields X a := d a and the Lorentz rotations by 
the bivectors X ab := x a db — x b d a . The corresponding conserved current 
densities are the one-forms: 

n a and fi ab := x a n b - x b ir a , (75) 

and from the string equations of motion it follows 

dm a = and dfi ab = 0. (76) 

Now, a straightforward calculation of the Poisson brackets of these 1- 
forms yields: 

{ir a ,ir b } = 0, 

{/iafc, TTc} = 9ac^b ~ Qbc^a, (77) 
{^ab, ^cd} = Ca bcd Hef, 

where g ab is the x-space metric and 

CaLd = -9c9 f a9bd + g e c g b gad - 9 e a 9d9bc + O^kac 

are the Lorentz group structure constants. Thus the internal Poincare 
symmetry of a string is represented with the help of the Poisson brack- 
ets of 1-forms corresponding to the conserved currents related to this 
symmetry. 

7 Discussion 

In this paper we have discussed a possible extension to the finite- 
dimensional De Donder-Weyl Hamiltonian formulation of field theory 
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of some of the structures of the classical Hamiltonian mechanics, in par- 
ticular, those which are known (or commonly believed) to be important 
for canonical quantization. Although the symplectic form is explicitly 
needed only in the geometric quantization schemes, we started first 
from its appropriate field theoretical (within the DW framework) ana- 
logue since this seems to provide the only reliable basis for general- 
izations. Unlike the symplectic 2-form in mechanics (n = 1) its field 
theoretical (in n dimensions) generalization in the present formalism, 
the polysymplectic (n + l)-form which is determined from the Poincare- 
Cartan canonical form, is not purely vertical. As a result, it determines 
the map between multivectors and forms of various degrees, which gen- 
eralizes the map between vectors and functions given by the symplectic 
form in mechanics. However, our map is rather a map between the 
equivalence classes of Hamiltonian multivector fields modulo the addi- 
tion of the primitive Hamiltonian fields, which are defined in Sect. 3, 
and the specific class of forms, called the Hamiltonian forms; the latter 
term in general implies certain limitation for the dependence of forms 
on the DW canonical momenta. The meaning of this limitation, which 
is obtained only as an analytic relation following from the consistency 
of the equation defining the components of the multivector associated 
with a given form, is not quite clear. 

Introduction of the generalized Lie derivative of forms with respect 
to the multivector fields enables us to define the Poisson brackets of 
Hamiltonian forms which mix the forms of different degrees and are 
shown to be connected with the Schouten-Nijenhuis brackets of Hamil- 
tonian multivector fields they are associated with. The brackets can 
be both odd or even depending on the degrees of their arguments and 
are proved to fulfil the graded derivation property and the graded Ja- 
cobi identity. Thus, the set of Hamiltonian multivector fields and the 
set of Hamiltonian forms possess a clear graded Lie algebra structure 
and, moreover, the Gerstenhaber algebra structure. One of the conse- 
quences of the "mixing property" of our brackets is that the natural 
pairs of canonically conjugate field and momentum variables consist 
typically of forms of different degrees whose components are field vari- 
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ables or DW momenta. We also show that the Poisson bracket with 
the DW Hamiltonian function generates the Hodge dual of the exte- 
rior differential on the space of Hamiltonian (n — l)-forms, whereas the 
bracket with the n-form Hvol = *H generates the exterior differential 
of an arbitrary (Hamiltonian) form. This leads, in particular, to the 
representation of the De Donder-Weyl Hamiltonian field equations in 
the bracket form which is similar to that in mechanics where the time 
derivative of a dynamical variable is generated by the Poisson bracket 
with Hamilton's function. 



However, the n-forms, as the Hamiltonian forms, are associated with 
the vector-valued one-forms enlargening the space of Hamiltonian mul- 
tivector fields. As we have argued, this implies a certain extension of the 
graded Lie algebra of Hamiltonian multivector fields. The algebraic clo- 
sure of this extension involves the multivector-valued forms of all pos- 
sible degrees and requires the appropriate definition of some bracket 
operation for these objects, which would extend the Lie, Schouten- 
Nijenhuis and Frolicher-Nijenhuis brackets. This problem is related to 
the problem of construction of the graded algebra of multivector-valued 
forms covering both SN and FN graded algebras. The techniques we 
have used in this paper did not allow us to construct this superalge- 
bra; perhaps the recent unification theorem by A.M. Vinogradov 
might be helpful in this connection. As a speculation, one could ex- 
pect that taking into consideration of all the elements of this enlarged 
graded algebra can also lead to a certain extension of the algebra of 
Hamiltonian forms and possibly will allow us to weaken or avoid the 
restrictive analytical condition on the Hamiltonian forms. In other 
words, the question is whether one can associate the objects of more 
general nature, the multivector-valued forms, with the forms which are 
not Hamiltonian according to the definition of Sect. 3. An extension of 
the class of Hamiltonian forms seems also to be desirable in view of the 
fact that the (horizontal) Hodge duals of the Hamiltonian forms which 
we seemingly need to consider together with the Hamiltonian forms, as 



the examples in Sect. 6 indicate, are not Hamiltonian in general [43 



30 



Let us sketch the connections of the formalism presented here with 
the conventional instantaneous Hamiltonian formalism for fields (more 
detailed treatment will be presented elsewhere). Let us choose a space- 
like surface E in the x-space (here we will assume it to be pseudueu- 
clidean with the signature + + ...H — ). The restrictions of the DW phase 
space variables to E will be the functions of x-s. In particular, if E is 
given by the equation x n = t (n is the number of the time-like compo- 
nent of {x 1 } = {x 1 , x n_1 , x n }, not an index), we have y a \T, = 2/ a ( x >^) 
and Pq|s = PL( X , t), where x denotes the space-like components of {x 1 }. 
Moreover, the restriction of forms to E implies setting dx n = 0, so that 
for p a : = p a diJvol we have p a |s = Pa( x 5 t)d n J vol, where d n Jvol is ob- 
viously the (n — l)-volume form on E, which we shall denote as <ix. The 
functional symplectic 2-form uo on the phase space of the instantaneous 
formalism may be related now to the restriction of the polysymplectic 
form Q v to E in the following way (cf. 



u = I = - / dj/°(x) A d#(x)dx. 

Then, the equal-time Poisson bracket of y a (x) with the canonical con- 
jugate momentum p"(x): 

0/*(x)X(y)}pB = #-y) 

may be related to the Poisson bracket of the canonically conjugate 
variables y a and p a of the DW theory (see Sect. 4) as follows: 

/ / {y a (x),^(y)} PB /(x)/(y)rfxdy = - /{y a ,p 6 }/(x)rfx, 

where /(x) is a test function. In general, one can anticipate the fol- 
lowing relationship between the generalized Poisson bracket of Hamil- 
tonian forms and the equal-time Poisson bracket of their restrictions to 
the space-like surface E: 

f f M^)Hh\^)Ah(v)}pBA(h(y) ~ / M{ h , h }A0 2 , 

where <fi\ and <p2 denote the "test forms" of degree (n — p — 1) and 
(n—q—1) respectively and the standart Poisson bracket { , }pb of forms 
is defined via the Poisson brackets of their components. This formula 
reproduces, in particular, the canonical equal-time Poisson brackets 
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from the generalized Poisson brackets of the admissible pairs of canon- 
ically conjugate variables (see the end of Sect. 4). However, it fails 
to reproduce some of the Poisson brackets of interest in field theory 
from the generalized Poisson brackets of Hamiltonian forms, although 
all such examples known to the author are related to the quantities 
which are not Hamiltonian forms. This is another indication that our 
canonical scheme should be extended. 



It is interesting to note in conclusion that the algebraic structures 
arised in our formalism are cognate with those appearing in the BRST- 
inspired approaches in field theory, in particular, in the antibracket 



formalism (see for example [44]). The latter, of course, are established 
within the functional framework which is conceptually different from 
the spirit of this paper. Nevertheless, deeper relationship rather than 
a superficial algebraic analogy may be expected in view of the con- 
nection discussed above between the usual Poisson brackets and those 
suggested in this paper; in this case one could hope to clarify the ge- 
ometrical origin of the BRST formalism. It is worthy of noting in 
this connection that the Gerstenhaber algebra structure which we have 
found for graded Poisson bracket algebra of Hamiltonian forms has ap- 
peared recently also in the discussion of the BRST-algebraic structure 
of string theory H5 . 
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